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We experimentally show how classical correlations can be turned into quantum entanglement, via the presence 
of non-unital local noise and the action of a CNOT gate. We first implement a simple two-qubit protocol in which 
entanglement production is not possible in the absence of local non-unital noise, while entanglement arises with 
the introduction of noise, and is proportional to the degree of noisiness. We then perform a more elaborate 
four-qubit experiment, by employing two hyperentangled photons initially carrying only classical correlations. 

We demonstrate a scheme where the entanglement is generated via local non-unital noise, with the advantage to 
be robust against local unitaries performed by an adversary. 


Introduction. Entanglement is the most precious resource 
in quantum information processing [1, 2]. However, what is 
most precious is often also most fragile. Indeed, a profound 
opponent of entanglement is noise: decoherence and dissi¬ 
pation both typically decrease entanglement, unless they are 
tailored specifically in a collective way, such as, for example, 
in correlated noisy channels [3, 4], or in engineered dissipa¬ 
tion of coupled systems [5] or in the presence of tunable noise 
[6]. Hence, in general, except for peculiar experimental con¬ 
ditions, noise represents a strong obstacle for entanglement. 

In this work we introduce a scenario where, with fixed given 
resources of input states and gates, no entanglement can be 
produced, unless one switches on any local non-unital noise 
(such as dissipation). In this setting entanglement is zero with¬ 
out noise, and the degree of the produced entanglement grows 
with the amount of the introduced local noise. An important 
aspect of this quantum effect is the choice of the dimension 
of the underlying Hilbert space: as long as only two qubits 
are present, we will show that an adversary is always able to 
prevent the production of entanglement by applying a suit¬ 
able local rotation. We will also show that, however, by em¬ 
bedding the protocol into a higher-dimensional Hilbert space, 
concretely by using four qubits, the creation of entanglement 
via local noise can be made robust against any possible uni¬ 
tary action of an adversary. Interestingly, in order to achieve 
this robustness it is sufficient to have input states that exhibit 
just classical correlations. Experimentally, the different di¬ 
mensional settings of two and four qubits are implemented 
using the path and polarisation degrees of freedom of photons 
and the fragility of the effect in low dimensions is demon¬ 
strated. 

The reason behind the effect described above is an intricate 
relationship between the concepts of separability, quantum 
correlations and entanglement: a necessary ingredient for the 
production of entanglement in our scenario is the generation 
of nonvanishing off-diagonal terms (“quantum coherences”) 
in the initial density matrix, which may arise via a local non- 
unital channel. However, the presence of quantum coherences 
is not sufficient for robustness of the protocol, in the sense 


explained above. As mentioned above, a sufficient ingredient 
for robustness is the presence of classical correlations within 
the initial state. These classical correlations are turned into 
correlations of quantum nature via a local non-unital chan¬ 
nel, which still keeps the quantum state separable. Einally, the 
quantum correlations are activated into entanglement. 

Generation of quantum correlations by local noise was the¬ 
oretically investigated in [7], see also [8, 9], and experimen¬ 
tally demonstrated with trapped ions [10], while entanglement 
activation from quantum correlations was theoretically pro¬ 
posed in [11] (for a different interpretation see [12]), and ex¬ 
perimentally demonstrated in [13]. In the scenario that we 
propose here these two effects are combined, resulting in a 
scheme where we are able to generate entanglement in a ro¬ 
bust way, starting from classically correlated states at the input 
and switching on just a local noisy device, acting on a single 
qubit. 

Theory. We start by briefly describing the setting and the 
fixed resources for the two-qubit scheme. In the two-qubit 
protocol (see Eig. la) we are given two qubits in a product 
state, where a qubit is in the maximally mixed state pA = \ 
and an ancilla is in the state pc = |0)(0|. We are also given 
a CNOT gate with A (C) the control (target) qubit and we are 
allowed to perform any possible local unitary operation on A 
and C. The goal is to create entanglement in the total state 
Pout of qubits A and C. It is clear that with only these fixed 
resources at our disposal it is not possible to create entangle¬ 
ment in the bipartite system considered here. 

If in addition we are allowed to use a local noisy device 
acting only on qubit A, such as an amplitude damping chan¬ 
nel (see later for details), as reported in Eig. la , the situation 
changes. Even if at first glance we might expect that our abil¬ 
ity to generate entanglement could not be improved by adding 
such a resource, since the operation is local and noisy chan¬ 
nels are usually regarded as detrimental for quantum features, 
it turns out that if this extra resource is non-unital (i.e. if it 
does not preserve the identity) it allows to produce an entan¬ 
gled output state pout • One can also show that the generation 
of entanglement in this protocol can always be prevented by 
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Figure 1. a) Two-qubit scheme: the entangled output state pout is generated by starting from the initial state | (g) |0)(0|, and using local 
unitaries Ua and Uc and a CNOT gate. A local noisy element can be switched on by turning the knob, b) The same protocol in the presence 
of an adversary player using a local unitary Va to try and prevent the generation of entanglement, c) Four-qubit scheme: here pj^^ represents 
a bipartite state diagonal in the computational basis, with the same block of gates defined in the two-qubit scenario. The aim is to switch on 
entanglement of pout with respect to the cut AB\CD by exploiting local noise. 


a suitable local rotation performed by some adversary before 
the action of the CNOT gate, as shown in Fig. lb. A proof of 
the above statements is reported in the Supplementary Infor¬ 
mation (SI). 

We will now present a 4-qubit scheme where entanglement 
is generated, starting from a classically correlated state, by 
again introducing local non-unital noise. Here, however, the 
entanglement will not be vulnerable anymore against local ro¬ 
tations of an adversary. We begin with a two-qubit state 
which is diagonal in the computational basis (which is a fac¬ 
torised basis) and therefore exhibits at most classical corre¬ 
lations, and two ancilla qubits C and D, both initialized in 
the state |0)(0|. We are then allowed to apply two CNOT 
gates that operate on qubits AC and BD (this situation corre¬ 
sponds to the scheme shown in Fig. Ic when the noisy device 
is switched off). Under these conditions the output state in 
this scenario will always be a separable state [ 11 ]. 

We now again introduce a local non-unital noisy device, 
acting on qubit A. The non-unital noise is given by the block 
of gates where H is the Hadamard transform and A^ 

is an amplitude damping channel, where the noise parameter 
T] can be tuned by a knob. The action of the channel is ex¬ 
plicitly described by A^(p) = with the Kraus 

operators Ai = | 0 )( 0 | -|- v^r^^|l)(l|, ^2 = ^/v\0) ( 1 | with 
T] G [0,1], where p = 0 corresponds to the noiseless case. We 
can show that by adding only this extra local noisy resource 
entanglement is switched on at the output of the circuit in the 
bipartition AB\CD, starting from states which are at most 
classically correlated. We quantify the amount of entangle¬ 
ment in terms of the negativity, defined as N{p) = | |, 

where are the negative eigenvalues of the partial transpose 
of p (as mentioned above, we consider here the bipartition 
AB\CD). It turns out that for any state p\^ the negativity is 
given by 

N{Pout) = (1) 

and it increases by increasing the noise parameter (for more 
details see SI). 


As in the two-qubit case above, let us introduce an adver¬ 
sary whose goal is to prevent the realization of an entangled 
output state. In this 4-qubit scheme, we still suppose that she 
can use only two local unitaries Va and Vb just before the 
CNOT gates. Contrary to the simplified two-qubit protocol, 
the four-qubit protocol turns out to be robust against local 
unitaries performed by an adversary when the input state is 
classically correlated (see SI). 

Experiment: Two-qubit protocol The 2-qubit protocol was 
implemented with the optical set-up shown in Fig. 2 where 
qubits A and C were used. Qubits A and C were encoded re¬ 
spectively in the path and the polarization degrees of freedom 
(DOFs) of a single photon generated by a non-linear source of 
photon pairs [14]. The input state was prepared with the path 
qubit in the state p^ = || 0 )( 0 | + || 1 )( 1 |, and the polarization 
qubit was in the state |H)(H|c', where H (V) designs the hor¬ 
izontal (vertical) polarization and corresponds to the state 0 
(1) of the computational basis. Both Hadamard gates H were 
realized with balanced beam-splitters (BSs). The amplitude 
damping channel A^, previously introduced, was achieved by 
a combination of two balanced BSs and three attenuation fil¬ 
ters whose transmission coefficients could be adjusted sepa¬ 
rately to obtain any value of 77 G [0,1]. Details on the re¬ 
lationship between p and the filters transmission coefficients 
are given in the SI. The CNOT gate, controlled by the path 
qubit with the polarization qubit as target, was implemented 
by inserting a half-wave plate (HWP) at 45° in the path mode 
corresponding to |1)^. Note that a HWP at 0° was also in¬ 
serted in the other path mode so as to maintain the same op¬ 
tical length for both modes. Finally, the entanglement in the 
final state of AC was estimated by a standard tomographic 
reconstruction measurement of the two-qubit state [15] from 
which we recovered the negativity N. Details on the experi¬ 
ment are given in the SI. 

In Fig. 3a we report the measured negativity N of the final 
2 -qubit state obtained for different values of p (blue squares), 
together with its theoretical value given by Eq. (1) (dark line). 
The dashed blue line corresponds to the expected theoretical 
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Figure 2. Experimental set-up used for 2- and 4-qubit protocol. BSs are balanced beam-splitters, BS^ and BS^^ implement the Hadamard 
gates H; BS\ and BS^, together with the tunable attenuation filters ao, and constitute the amplitude damping channel A^. Path 
analysis of photons is performed through the phase plate 0 and beam splitters BS^, BS 5 . Polarization analysis is performed through standard 
quantum tomography setup for only the signal photon (2-qubit protocol) and for both signal-idler photons (4-qubit protocol). Here PBS are 
polarizing beam-splitters, HWP are half-wave plates, QWP are quarter-wave plates. SPAD are single photon avalanche photodiode. The 
adversary player’s attack is simulated by removing BS 3 from the set-up. 


value when we take into account the experimental imperfec¬ 
tions of our set-up (see SI). The figure shows a good agree¬ 
ment between the measured and theoretical behaviors demon¬ 
strating that the amount of entanglement created increases as 
the noise is increased. 

As expected, the creation of entanglement can be prevented 
by Eve for any amount of noise. With the protocol of Fig. lb 
the best strategy for Eve is to perform another Hadamard gate 
(Va = Hevc) to cancel the action of the second Hadamard. 
Indeed, in this way, even though the noise is non-unital, the 
density matrix of qubit A remains diagonal (in the computa¬ 
tional basis) and no entanglement is then generated. In order 
to simulate Eve’s attack experimentally we simply removed 
the beam-splitter BS 3 from our set-up (see Fig. 2). As ex¬ 
pected, the negativity measured in this case is always vanish¬ 
ing, as can be seen in Fig. 3a (red crosses). 

Experiment: Four-qubit protocol. We implemented experi¬ 
mentally the four-qubit scheme shown in Fig. 2. It is based on 
the previous two-qubit set-up, where we add two extra qubits 
B and D. The four qubits were generated through a source of 
two photons encoded in the path and the polarization degrees 
of freedom [14]. Precisely, qubit A (B) is encoded in the 
path (k) DOF of the signal (idler) photon, while qubit C (D) 
is encoded in the polarization (tt) DOF of the signal (idler) 
photon. The actual experimental setup was built on a chained 
Sagnac configuration (see SI). The path qubits are prepared in 
the state = p|00)(00| -b (1 — p)|ll)(ll|, withp 0.5, 
and the polarization qubits are both in the state |H)(H|c',d- 


All the gates were implemented as in the previous two-qubit 
set-up. The additional CNOT gate between qubits B and D is 
implemented by inserting a half-wave plate (HWP) at 45° in 
the path mode corresponding to |1)^. 

We checked for entanglement in the splitting AB\CD by 
using the following entanglement witness (see SI): 

W (1 (8) 1 -cTx ^ (Jx cTy ay - cTz ^ ^z)ac 
(g) (1 (g) 1 Saz (g) az)ED 

where ax, ay and az are the Pauli matrices. This witness cer¬ 
tifies the presence of bipartite entanglement in the final state 
of ABCD whenever (W) < 0 [16]. 

In Fig. 3b we show the measured expectation value iyV') = 
— (TF) of the witness as a function of the noise parameter 
T] (blue squares). This quantity provides a lower bound for 
the negativity of pouu namely N{pout) > {W') [17]. The 
blue dashed line corresponds to the theoretical evolution com¬ 
puted by taking into account the experimental imperfections 
and the actual measured value of p in the input state (see Sup¬ 
plementary Information). Our results are in agreement with 
Eq. (1): while there is no entanglement when local noise is 
absent (p = 0), it is generated as the noise increases. 

The experimental demonstration of the robustness of the 
protocol would require the actual measurement of a non¬ 
vanishing entanglement measure for every possible unitary 
operations that Eve can apply on qubits A and B. As this is 
not practically feasible in our set-up, instead we numerically 
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Figure 3. Experimental results, a) 2-qubit protocol: negativity 
N{pout) vs the noise parameter 77 . b) 4-qubit protocol: expectation 
value {W) = — (FF) of the entanglement witness applied to pout as 
a function of the noise parameter 77 . The dashed lines correspond to a 
theoretical calculation that takes into account the actual experimental 
apparatus. The red dots represent the adversary’s best strategy. In the 
4-qubit case they report a simulation of the minimal amount of en¬ 
tanglement (quantified by the negativity) that can be generated after 
the application of local rotations on qubits A and B by an adver¬ 
sary. Error bars are calculated from photon counting statistics (see 
Supplementary Information). 

computed the minimal amount of entanglement that is gener¬ 
ated by the protocol when Eve adopts the local rotations on 
qubits A and B that best reduce this entanglement. This result 
(see red dots in Fig. 3b) is obtained, for each value of 77 , by 
a minimisation of the negativity over all possible unitaries Va 
and Vb- Notice that when the noise level is low, i.e. 77 is close 
to zero. Eve’s best attack cannot reduce much the amount of 
created entanglement. Only in the extreme cases 77 = 0,1 she 
can totally prevent the creation of an entangled output state. 

Conclusion. We have shown that quantum entanglement 
can be switched on by the help of a local noisy device. The 
amount of entanglement is also shown to increase by increas¬ 
ing the amount of noise introduced on purpose in the set-up. 
Using a single photon, we experimentally demonstrated the 
creation of entanglement between its path and polarization de¬ 
grees of freedom demonstrating the idea in terms of a simple 
two-qubit protocol. A more sophisticated four-qubit scenario. 


contrary to the former case, has the advantage of being robust 
against local unitaries performed by an adversary player. In 
order to encode all four qubits, we employed two hyperentan- 
gled photons, detecting the entanglement of the output state 
by the use of a suitable witness operator. Our experiments 
have thus implemented some subtle features of the quantum 
world: while, obviously, no local action can produce correla¬ 
tions, a local quantum channel can turn classical correlations 
into quantum correlations [7]. We have realised a local ampli¬ 
tude damping channel that performs this task, while preserv¬ 
ing separability of the state. In a second step, the quantum 
correlations were then activated into entanglement [II], by 
using non-local gates. We emphasize that without the noisy 
channel no entanglement could have been produced. The un¬ 
derlying dimension of the Hilbert space played a crucial role 
in terms of robustness of the protocol. 
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TWO-QUBIT PROTOCOL 

In order to understand how the two-qubit protocol works 
we consider the simplified scenario where we have qubit A in 
a generic input state p (instead of |) and qubit C in state |0), 
and we act on them with a CNOT gate in the computational 
basis. This situation is described in Fig. la of the main text, 
where p is the resulting state of qubit A after the application 
of the noisy device and the unitary Ua, while f/c = 1- We 
then investigate which properties the input state p of qubit A 
has to fulfill in order to obtain an entangled output state pout- 
We quantify the amount of entanglement in the output state by 
means of the negativity, which is a faithful entanglement mea¬ 
sure for a two-qubit system [1]. Within this framework, pout 
is entangled if and only if the input state p has non-vanishing 
off-diagonal terms, i.e. poi 7^ 0. This follows from using the 
entanglement measure “negativity” N, defined as 

N{PAC) = Y.\KI (SI) 

i 

where are the negative eigenvalues of the matrix resulting 
from the partial tranposion of pAc- H is straightforward to 
show that the negativity of pout is connected to the off diago¬ 
nal terms of p via the formula 

N{pout) = |poi|- (S2) 

Hence, the higher the off-diagonal terms of the input state p, 
the more entangled is the bipartite output state pout- On the 
other hand, if p is diagonal in the computation basis, that is 
p = p|0)(0| -f (1 — p)|l)(l|, the output state turns out to be 
at most classically correlated, i.e. pout = p|00)(00| + (1 — 
p)iii)(ii|. 

The above analysis shows why, within the scheme of Fig. la 
of the main text, we are able to create entanglement by using a 
non-unital channel while we cannot otherwise: since the state 
I is invariant under any unitary transformation Ua, it is not 
possible to produce non-vanishing off-diagonal terms in pA 
by unitary operations. If, however, a non-unital channel A is 
present, it transforms by definition the identity to a different 
state, i.e. A[|] = a, where a / Therefore, by apply¬ 
ing a suitable local unitary Ua on a it is possible to generate 
nonvanishing off-diagonal terms. 

Let us now introduce in this scenario an adversary player 
(Eve) whose aim is to prevent the generation of entanglement 


in pout by performing a unitary operation on qubit A after 
the state preparation and before the action of the CNOT gate. 
We can thus imagine that a unitary Va is in Eve’s hands, as 
depicted in Fig. lb of the main text. Eve can always win, 
provided that she knows the quantum state after the action of 
Ua- The reason for this statement is that any single-qubit state 
can be made diagonal in the computational basis by applying 
a suitable rotation. The two-qubit protocol considered here is 
therefore not robust against local rotations: the generation of 
entanglement at the end can always be prevented by a suitable 
local rotation performed by an adversary before the action of 
the CNOT gate. 


FOUR-QUBIT PROTOCOL 

In order to underline the differences between the two- and 
four-qubit schemes and in particular to show the robustness of 
the latter, we refer to a more general scenario where we have 
a generic input state pab for the first two qubits (thus, not 
necessarily diagonal in the computational basis) and we ana¬ 
lyze what are the properties of the input state that guarantee 
entanglement at the output state pout in the splitting AB\CD. 
Eollowing the set-up in Eig. Ic of the main text with a general 
two-qubit input state pab and no noise (i.e. p = 0), we have 
that pout is entangled iff the input state pab has non-vanishing 
off-diagonal terms. This result can be proven by noticing that 
the negativity of pout is connected to the off diagonal terms of 
Pab via the formula [2] 

N{pout)=Y.\Pii\- (S3) 

i<j 

Moreover, pout turns out to be separable whenever pab is di¬ 
agonal in the computational product basis. Hence, within this 
set-up, the negativity can be regarded as a faithful entangle¬ 
ment measure. This result explains the role that local noise 
plays here: it introduces off-diagonal elements in the input 
state, making the final state pout entangled. 

We consider now the case where we introduce an adversary 
(Eve) whose goal is to prevent the realization of an entangled 
output state by using only two local unitaries Va and Vb just 
before the CNOT gates. As shown in Ref. [2], Eve’s action 
is always successful iff pab is at most classically correlated. 
In other words, if we want to create an entangled output state 
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Pout with certainty in the presence of an adversary a success¬ 
ful strategy is to prepare an input state pab which has quan¬ 
tum correlations, i.e. correlations that are not strictly classical. 


EXPERIMENTAL SET-UP DETAILS 
Input state preparation 

The photon pairs used in this work are generated by spon¬ 
taneous parametric down-conversion (SPDC) in a 1.5 mm- 
long type-1 /5-barium borate (BBO) crystal, by a CW pump 
beam at 355 nm. The frequency-degenerate horizontally- 
polarized SPDC photon pairs are emitted on the surface of 
a cone, two photons of the same pair being diametrally op¬ 
posite. To generate the path-qubits, we select with a mask 
four modes of the emission cone corresponding to two possi- 
ble pairs: |00) {Q^\high,iow or |11) {'^'^\high,iow I" this con- 
figuration, the source naturally generates the path-entangled 
Bell state |$+) = [3], In 

order to ensure that only classical correlations are present in 
the input state for the experiments at hand, the phase coher¬ 
ence between these two possible pairs is destroyed by having 
an optical path difference between any two path modes larger 
than the photons coherence time. 
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Figure SI. Actual experimental set-up. a Emission modes of the 
SPDC source. Qubit A (B) is encoded in the polarization of the sig¬ 
nal (idler) photon, Qubit C (D) is encoded in the path of the signal 
(idler) photon, b Actual experimental set-up for the four-qubit pro¬ 
tocol (for the two-qubit experiment, the same apparatus is used but 
the CNOT on the idler photon is removed so that this photon serves 
only as trigger), \kmeas) 0 \'Kmeas)'- path-polarization state of the 
photon selected by the projective measurement set-up. The central 
beam-splitter is used three times and plays successively the role of 
BSo, BSs and BSa (see Fig. 2 of the main text). 


Amplitude-damping channel 

The experimental implementation of the amplitude¬ 
damping channel consists of a combination of two beam¬ 
splitters (BSi and BS 2 ) and three attenuation filters (see the 
blurred yellow gate in Fig. 2 of the main text, or Fig. Sib) al¬ 
lowing to transfer, in a tunable way, a portion of mode 11 ) onto 
mode |0) of the path qubit A, encoded in the signal photon. 
Here we explain the relationship between the noise parameter 
T] and the intensity transmission coefficients ai and 0^2 of 
the attenuation filters. 

Let us consider a generic input state (with /5, 17 I G [0,1]) 

P={l-p) |0) (0| + /3 | 1 ) ( 1 | + 7 |0) ( 1 | + 7 * | 1 ) (0|. 

The channel (defined by the Kraus operators {|0)(0| -|- 
— 711 ) ( 11 , | 0 ) ( 11 }) transforms it into the state 

p' =(1 - (1 - v)l3) | 0 ) ( 0 | + {1- p)p | 1 ) ( 1 | 

+ yn77 io) (ii + yr^7* ii) (oi. 

If we input the same state p in the set-up of the blurred yellow 
gate in Fig. 2 of the main text, we obtain the final state 

p" =^[(1 - /?)Tao + |0) (0| + C/JTaa |1) (1| 

+ e7rV^|0)(l|+^7*TV^|l) (0|, 

where T = 57.5% (i? = 42.5%) is the measured intensity 
transmission (reflection) coefficient of the beam-splitters and 
^ = ((1 — /3)Tao + PR^ai + f 3 Ta 2 )~^ is a normalization 
factor. Term by term identification between p' and p" gives: 

1 - (1 - r/)/3 = e((l - /3)Tao + pR^ai), 

(1 - ri)l3 = ^l3Ta2, 

A - m = ilT^Jaoa2. 

From these equations, by choosing ao = ^ = 31%, we 

obtain ai = p and a 2 = q;o (1 ~ p) = 7^(1 ~ v)- For each 
setting of 7 , the attenuators transmission coefficients are tuned 
to these values by adjusting their vertical position with respect 
to the beam (see Fig. Sib). 

Actual experimental set-up 

In Fig. SI b, we show the experimental implementation of 
the four-qubit set-up described in Fig. 2 of the main text. It 
consists in a folded version of the set-up, which both guaran¬ 
tees an intrinsic phase stability for the path qubits and requires 
less optical elements. 

For the signal photon, the central beam-splitter plays succes¬ 
sively the role of both Hadamard gates (BSq and BSs in 
Fig. 2 of the main text) and of the path qubit measurement 
beam-splitter BS 4 . Between the Hadamard gates, the photon 
passes through a first Sagnac loop interferometer, in which the 
amplitude-damping channel is implemented. Then the CNOT 
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gate between qubits A and C is realized by a half-wave plate 
at 45° on mode |1)^ and a half-wave plate at 0° on mode 
|0)^. The path qubit is then projected onto the measured 
state \kmeas)A phase plate ip and the third passage 

through the central beam-splitter. Finally, after this second 
Sagnac loop, the polarization qubit is projected on the mea¬ 
sured state \7rmeas)c ^ quarter- and a half-wave plate and 
a polarizing beam-splitter. The photon is finally detected on a 
single-photon avalanche photodiode (SPAD) after spatial fil¬ 
tering with a pinhole and spectral filtering with an interference 
filter (710 nm central wavelength and 10 nm band with). 

On the idler photon, we implement the CNOT gate between 
qubits B and D with a half-wave plate at 45°. Both qubits are 
then projectively measured with the same type of measure¬ 
ment apparatus used for the signal photon. The same set-up is 
used for the two-qubit protocol, however in that case the gate 
CNOTbd is removed and the idler photon plays only the role 
of a trigger photon. 


ROBUSTNESS OF THE 4-QUBIT SCHEME 

Considering the scheme shown in Fig. 2 of the main text, 
we show here the robustness of the protocol against local uni- 
taries on A and B. Let us start from a general diagonal state 
in the computational basis, given by 

p% = P< ® |0)(0| + {I-pVa ® |1)(1|, (S4) 

with (j\ = g|0)(0| + (1 - g)|l)(l| and = r|0)(0| + 
(1 — r)|l)(l|. Notice that the above state is at most clas¬ 
sically correlated (since it is diagonal in a factorized basis) 
and it is factorized (thus it does not contain even classical 
correlations) iff either p = 0,1 or g = r. Let us denote 
the state after the action of the block HAj^H on A by p'ab^ 
i.e. = {HAjjH)a[Pab]- want first to prove that, 

whenever the input state p^^ is not factorised (namely when 
p 7 ^ 0,1 and r / g in Eq. (S4)), the state p'^^ is a quantum 
correlated state, namely its eigenvectors do not provide a fac¬ 
torised bi-orthogonal basis. By writing the input state pj^^ as 
in Eq. (S4), we can rewrite p'^^ as 

Pab =PPa{q) ^ |0)(0| + (1 -pKW ^ |1)(1|, (S5) 

where p'a{x) = ^(1 -^pcFx + (2x — 1)^1 — paz). After ex¬ 
cluding the trivial cases of p = 0,1, the state (S5) is diagonal¬ 
ized in a factorised bi-orthogonal basis iff p^(g) and p^(r) 
can be simultaneously diagonalized. This happens iff they 
commute, that is iff [p^(^), p^(^)] = 0. By inserting the gen¬ 
eral form of p'a{x), we can easily see that the commutativity 
relation above reduces to 

2ip^/l - p{q - r)cFy = 0, (S6) 

which holds only when either g = r or p = 0,1. By neglect¬ 
ing the noiseless case with = 0, where p^^ is the classi¬ 
cally correlated state (S4), and the case with p = 1, which 


gives p^^ = j0)(0| (g) [p|0)(0| + (1 - p) (g) |1)(1|], we can 

see that for initial states pab that are classically correlated 
(g 7 ^ r) the state p^^ is always quantum correlated. Accord¬ 
ing to Ref. [2], the presence of quantum correlations in p^^ 
guarantees that if the state p^^ is the input to the sequence 
of CNOT gates, then the entanglement production is robust 
against local unitaries on A and B. Therefore, we can con¬ 
clude that whenever the input state pab is at least classically 
correlated the entanglement generation process is guaranteed 
to be robust. 


ENTANGLEMENT WITNESS IN THE 4-QUBIT SCHEME 

By following the scheme depicted in Fig. Sla, if we choose 
as input the state 

Pin = [p|00)(00| + (1 -p)|ll)(ll|]^^0|OO)(OO|cD, (S7) 

the output state turns out to be block-diagonal and explicitly 
given by 

Pout = Pp\c^\^^){^^\bd^{'^-p)p'ac^\^^){^^\bd- (S8) 
Here we have defined 


P 


± 


1 

2 


p ± 7^ 0 0 7 ] \ 

0 0 0 0 

0 0 0 0 

\ 7 ] 0 0 iTVnJ 


(S9) 


and p = 1 — p for convenience. In order to construct a wit¬ 
ness operator that detects the entanglement of pout with re¬ 
spect to the splitting AB\CD, we apply the partial transposi¬ 
tion Tab with respect to AB, and study the negative eigenval¬ 
ues of Po^t^. From simple algebra it turns out that, whenever 
p 7 ^ 0, the only two negative eigenvalues are and 

= —(1 — p)^. This proves that N{pout) = 2 ’ indepen¬ 
dently of p. Furthermore, the corresponding eigenvectors are 
given by 


1^1 ) ~ 1 ^ )aC ^ ’ 

1^2 ) = 1 ^ )aC ^ \^^)bD ’ 

with = ^(|01) — |10)). Therefore, an entanglement 
witness operator can be defined as 

W^ = (|Ar)(Arl + |A2“)(A2-|r^", (SIO) 
which, if decomposed in terms of local operators, reads 

W (1 (g) 1 -ax ax T ay ay - az ^z)ac 
(g) (1 (g)l (g) crz)BD 

Notice that the experimental detection of W 
requires only the three measurement settings 
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